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In this paper we construct a differential first order divergence-like operator on a super-
space endowed with an odd symplectic structure. This operator is applied for constructing
invariant differential objects in this superspace. In particular an odd semidensity invariant
under the transformations preserving the odd symplectic structure of the superspace and
the volume form is constructed in a geometrically clear way.
The odd symplectic structure plays essential role in Lagrangian formulation of the
BRST formalism (Batalin-Vilkovisky formalism ) [1]. In supermathematics it is a natural
counterpart of even symplectic structure [2,3]. On the other hand it has some ”odd” fea-
tures which have no analogues in usual mathematics. Canonical transformations preserving
odd symplectic structure (non-degenerate odd Poisson bracket) do not preserve any volume
form. This fact, indeed, is the reason why in the case of odd symplectic structure some
invariant geometrical objects have no natural homologues as it is for the even symplectic
structure, for which the superconstructions are rather straightforward generalizations of
those for the symplectic structures in usual spaces. We consider some examples.
In order to construct geometrical integration objects one needs to consider a pair, the
volume form and the odd canonical structure. This pair is in fact the geometrical back-
ground for the formulation of Batalin-Vilkovisky formalism (See [4,5,6]). The so called ∆
operator which plays essential role in this formalism can be defined in the following way:
its action on the function f is equal to the divergence with respect to the given volume
form (defined by the action of the theory) of the Hamiltonian vector field, corresponding
to the function f . It is a second order differential operator. In the case of even symplectic
structure there exists the volume form which naturally corresponds to the canonical struc-
ture, and ∆ operator is evidently equal to zero (Liouville Theorem). Even if the volume
form is arbitrary, one arrives at a first order differential operator [4].
The second example is the invariant volume form (density) which can be defined on
the Lagrangian supersurfaces embedded in the superspace endowed with an odd symplectic
structure and a volume form. It is nothing but the integrand for the partition function in
the space of fields and antifields in the BV formalism [5,6].
We focus on the third example, on the problem of finding an analogue of Poincare-
Cartan integral invariants for the odd symplectic structure. In usual mathematics to
the Poincare-Cartan integral invariant (invariant volume form on the embedded surface)
there corresponds the wedged power of a differential two-form which defines the symplectic
structure. In case of even symplectic structure in spite of the fact that differential form
has nothing in common with invariant integration objects, the superdeterminant of the
two-form induced on the embedded supersurface from the two-form which defines the
symplectic structure leads us to the Poincare–Cartan invariant [7]. For the odd symplectic
structure the situation is essentially different. In [8] there was considered the problem of
constructing of the invariant densities for the superspace endowed with an odd symplectic
structure.
In the case of symplectic structure in usual mathematics as well as in the case of
even symplectic structure invariant densities are exhausted by densities ∗ of the rank
k = 1 which correspond to Poincare–Cartan integral invariants. This is not the case for
∗ Density is the object which defines a volume form on embedded (super)surfaces.—
If z = z(ζ) is the local parametrization of a (super)surface then a density A is a function
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the odd symplectic structure. One can show that on (p.p)-dimensional non-degenerate
supersurfaces embedded in a superspace En.n which is endowed with a volume form and
an odd symplectic structure there are no invariant densities of the rank k = 1 (except of the
volume form itself), and in the class of densities of the rank k = 2 and of the weight σ (i.e.
which are multiplied by the σ-th power of the superdeterminant of the reparametrization)
there exists a unique (up to multiplication by a constant) semidensity (σ = 1
2
) in the case
of p = n − 1 [8]. In fact, in [8] this semidensity was constructed in a non-explicit way in
terms of dual densities: If (n− 1.n− 1) supersurface Mn−1.n−1 is given by the equations:
f = 0, ϕ = 0 where f is even function and ϕ an odd function then to this semidensity
there corresponds the function
A˜
∣∣∣
f=ϕ=0
=
1√
{f, ϕ}
(
∆f −
{f, f}
2{f, ϕ}
∆ϕ−
{f, {f, ϕ}}
{f, ϕ}
−
{f, f}
2{f, ϕ}2
{ϕ, {f, ϕ}}
)
. (1.1)
which depends on the second derivatives (k = 2), is invariant under the transformations
preserving the odd symplectic structure and the volume form, and is multiplied by the
square root of the corresponding Berezinian (superdeterminant) under the transformation
f → af+αϕ, ϕ→ βf+bϕ, (which does not change the supersurface M). The semidensity
(1.1) takes odd values. It is an exotic analogue of Poincare–Cartan invariant: A˜2 = 0, so
it cannot be integrated over supersurfaces.
To clarify the geometrical meaning of density (1.1), in this paper a special geometrical
object for odd symplectic superspace is considered.
As it was mentioned above, to a symplectic structure in usual space there corresponds
a volume form (Liouville form):
dv = ρ(x)dx1...dx2n =
√
det (Ωik)dx
1...dx2n (1.2)
where Ω = Ωikdx
i ∧ dxk is the closed non-degenerated two-form which defines the sym-
plectic structure.
The volume form (1.2) is preserved under canonical transformations (i.e., the transfor-
mations preserving the two-form Ω). If X = X i ∂
∂xi
is an arbitrary vector field one can
consider its divergence:
divX =
LXdv
dv
=
∂X i
∂xi
+X i
∂ log ρ
∂xi
. (1.3)
In a symplectic space the canonical transformations preserve not only the volume form
(1.2) but also its projection on an arbitrary symplectic plane. Moreover, if Lˆ(z) is a
of z(ζ), ∂z
∂ζ
, ∂
2z
∂ζ∂ζ...
. A = A
(
z(ζ), ∂z
∂ζ
, ∂
2
∂ζ∂ζ
, . . . , ∂z
k
∂ζ...∂ζ
)
subject to the condition that under
reparametrization ζ → ζ(ζ˜), A→ A · sdet
(
∂ζ
∂ζ˜
)
. A is a density of the rank k if it depends
on the tangent vectors of the order ≤ k (i.e. on the derivatives of the order ≤ k). In
usual mathematics densities are the natural generalization of differential forms (if k = 1).
In supermathematics even in the case of k = 1 this object is of more importance, since
differential forms in supermathematics are no more integration objects [9,10,11].
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projector-valued function such that ImLˆ(z) is a symplectic subspace (plane) in TzE then
it is easy to see that to Lˆ(z) one can associate divergence-like invariant operator whose
action on an arbitrary vector field X is given by the expression
∂(Lˆ,X) =
(
∂Xk
∂xi
+
1
2
Xm
∂Ωip
∂xm
Ωpk
)
Lik . (1.4)
(Compare with (1.3) in case of Lˆ = id).
The formulae (1.2)–(1.4) have the straightforward generalization to the case of even
symplectic structure in superspace (by changing determinant to superdeterminant and
adding the powers of (−1) wherever necessary), but it is not the case for the odd symplectic
structure.
Nevertheless, it turns out that the analogue of the formula (1.4) can be considered for
odd symplectic structure in a case where Lˆ is a projector on (1.1)-dimensional symplectic
subspace and X is the odd vector field which belongs to this subspace and is symplec-
toorthogonal to itself. In the next two sections we perform the corresponding constructions
which are essentially founded on the following remark. Let E1.1 be (1.1)-dimensional odd
symplectic superspace and (x, θ) be Darboux coordinates on it: {x, θ} = 1, {x, x} = 0
where { , } is the odd Poisson bracket (Buttin bracket) corresponding to this symplectic
structure. Let Ψ be an odd vector field in this superspace which is equal to Ψ(x, θ)∂θ in
these Darboux coordinates. Then this vector field has the same form and its divergence
(∂Ψ(x, θ)/∂θ) remains the same in arbitrary Darboux coordinates. (See Example 2).
In the 4-th section we consider a (n− 1.n− 1)-dimensional supersurface embedded in
an odd symplectic superspace En.n endowed with a volume form. The differential operator
described above can be naturally applied to the odd vector field which is defined only in the
points of this supersurface and is symplectoorthogonal to itself and to this supersurface.
In spite of the fact that this field is not defined on the whole superspace one can define the
invariant ”truncated divergence” of this vector field. The analogue of this construction for
usual symplectic structure is trivial. On the other hand this construction can be considered
as an analogue of the corresponding operator acting on the vector field which is defined in
a Euclidean (Riemannian) space on the points of embedded hypersurface and which takes
values in the normal bundle to this surface. But the essential difference is that the group of
transformations which preserve metrics in Euclidean (Riemannian) space is exhausted by
linear transformations (the linear part of transformation defines uniquely all higher terms)
and this is not true for symplectic case where the group of canonical transformations is
infinite-dimensional.
In the 5-th Section we apply our geometrical construction to obtain the formula for
odd semidensity (1.1) in a geometrically clear way: it turns out that on a (n − 1.n− 1)-
dimensional supersurface embedded in a (n.n)-dimensional odd symplectic superspace en-
dowed with a volume form one can define in a natural way the odd semidensity whose
values are odd vectors, symplectoorthogonal to this supersurface, and the ”truncated di-
vergence” of this vector-valued semidensity is invariant semidensity (1.1). It has to be
noted that our formula for this semidensity is very similar to the formula for the density
corresponding to the mean curvature of the 1-codimensional surface in the Euclidean space.
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Section 2. Odd symplectic superspace.
Let En.n be a superspace with coordinates (zA = x1, . . . , xn, θ1, . . . , θn). We say
that this superspace is odd symplectic superspace if it is endowed with odd symplectic
structure, i.e., if an odd closed non-degenerated 2-form
Ω = ΩAB(z)dz
AdzB (p(Ω) = 1, dΩ = 0) (2.1)
is defined on it [2,3] (p is a parity: p(xi) = 0, p(θj) = 1). To the differential form (2.1) on
the superspace En.n one can relate a function which for every point∗ defines the following
skewsymmetric (in a supersense) odd bilinear form on tangent vectors:
p (Ω(X,Y)) = 1 + p(X) + p(Y) ,
Ω(X,Y) = −Ω(Y,X)(−1)p(X)p(Y),
Ω(X, λY) = Ω(Xλ,Y),
Ω(λY + µZ,X) = λΩ(Y,X) + µΩ(Z,X) .
(2.2)
In the coordinates:
ΩAB = −ΩBA(−1)
p(A)p(B) = Ω
(
∂
∂zA
,
∂
∂zB
)
, (p(ΩAB) = 1 + p(A) + p(B)) . (2.3)
Here X, Y, Z are the vector fields XA(z) ∂
∂zA
, Y A(z) ∂
∂zA
, ZA(z) ∂
∂zA
(the left deriva-
tions of functions on En.n).
(Differential form is usually considered as an element of an algebra generated by zA
and dzA, where the parity of dzA is opposite to the parity of zA. In this case ΩAB
= ΩBA(−1)
(p(A)+1)(p(B)+1) instead of (2.3). The slight difference is eliminated by the
transformation ΩAB → ΩAB(−1)
B).
From (2.2, 2.3) it follows that
Ω
(
XA
∂
∂zA
, Y B
∂
∂zB
)
= XAΩABY
B(−1)p(Y )p(B)+p(Y ). (2.4)
In the same way as in the standard symplectic calculus one can relate to the odd
symplectic structure (2.1) the odd Poisson bracket (Buttin bracket) [3]
{f, g} =
∂f
∂zA
(−1)p(f)p(A)+p(A)ΩAB
∂g
∂zB
(2.5)
where
ΩAB = −ΩBA(−1)(p(A)+1)(p(B)+1) = {zA, zB}
∗ More precisely, a point of superspace En.n is Λ-point— 2n–plet (a1, . . . , an, α1, . . . , αn)
where (a1, . . . , an) are arbitrary even and (α1, . . . , αn) are arbitrary odd elements of an
arbitrary Grassman algebra Λ. (We use the most general definition of superspace suggested
by A.S. Schwarz as the functor on the category of Grassman algebras.[12])
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is the inverse matrix to ΩAB :
ΩACΩCB = δ
A
B . (2.6)
To a function f via (2.5) there corresponds the Hamiltonian vector field
Df = {f, z
A}
∂
∂zA
and Dfg = {f, g}, Ω(Df ,Dg) = {f, g} . (2.7)
The condition of the closedness of the form (2.1) leads to the Jacoby identities:
{f, {g, h}}(−1)(p(f)+1)(p(h)+1) + {g, {h, f}}(−1)(p(g)+1)(p(f)+1)+
{h, {f, g}}(−1)(p(h)+1)(p(g)+1) = 0 .
(2.8)
Using the analog of Darboux Theorem [13] one can consider the coordinates in which
the symplectic structure (2.1) and the corresponding Buttin bracket have the canonical
expressions. We call the coordinates wA=(x1, . . . , xn, θ1, ..., θn) Darboux coordinates if in
these coordinates holds
Ω = IABdw
AdwB : Ω
(
∂
∂xi
,
∂
∂xj
)
= 0 ,Ω
(
∂
∂θi
,
∂
∂θj
)
= 0 ,Ω
(
∂
∂xi
,
∂
∂θj
)
= −δij ,
(2.9)
respectively
{f, g} =
n∑
i=1
(
∂f
∂xi
∂g
∂θi
+ (−1)p(f)
∂f
∂θi
∂g
∂xi
)
. (2.10)
Now on the odd symplectic superspace En.n endowed with an odd symplectic structure
(2.1) we consider the following geometrical constructions: LetΨ be an odd nondegenerated
vector field symplectoorthogonal to itself:
Ω(Ψ,Ψ) = 0 (2.11)
where
Ψ =
n∑
i=1
(
Ψi
∂
∂θi
+ Φi
∂
∂xi
) (
p(Ψi) = 0, p(Φi) = 1
)
(2.12)
and at least for some index i0 the coefficient Ψ
i0 is not nilpotent. (It is easy to see that
this condition is invariant under the coordinate transformations.).
(For example, to the even function f such that {f, f} = 0 there corresponds the
Hamiltonian vector field Df defined by (2.7), subject to condition (2.11) and to condition
(2.12) if the gradient of f is not nilpotent.)
Let Π(z) be a field of (1.1)-dimensional subspaces (planes) (Π(z) ∈ TEn.nz ) which
contain the vector field Ψ(z) and the symplectic structure induced on these planes is not
degenerate. It means that there exists an even vector field H(z) such that
Ψ(z) ,H(z) ∈ Π(z) and Ω(H(z),Ψ(z)) = 1. (2.13)
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To this field of planes Π(z) there corresponds the symplectoorthogonal projector Πˆ(z) of
the vectors in the tangent space to these planes:
Πˆ : TzE → Π(z), Πˆ
∣∣∣
Π
(z) = id, ΠˆX = 0 if Ω(X,Π) = 0 . (2.14)
In the coordinates {zA} to the projector Πˆ there corresponds the matrix-valued function
ΠBA(z):
Πˆ
(
∂
∂zA
)
= ΠBA
∂
∂zB
, so Πˆ(XA
∂
∂zA
) = XBΠAB
∂
∂zA
and Ω(X, ΠˆY) = Ω(ΠX,Y) .
(2.15)
Later on we call (Π(z),Ψ(z)) or equivalently (Πˆ(z),Ψ(z)) an odd normal pair if Ψ(z) and
Π(z) are defined by (2.11—2.15).
Section 3. Special geometrical construction.
In this section for odd normal pair (Π(z),Ψ(z)) in an odd symplectic superspace we
construct a first-order divergence-like differential operator which transforms it to a function
on this superspace.
Let in a superspace E, X(z) and Lˆ(z) be a vector field and a linear operators field
defined on TzE respectively. If {z
A} are arbitrary coordinates then for the pair (Lˆ,X) one
can consider the function which depends on the coordinate system {zA}:
∂(Lˆ,X){z} =
∂XA(z)
∂zB
LBA(z)(−1)
p(X)p(B)+p(B) . (3.1)
Expression (3.1) is invariant under linear transformations of the coordinates {zA}. In the
general case if {wA} and {zA} are two different coordinate systems on E then for the pair
(L,X) we consider
Γ(Lˆ,X)
{w}
{z} = ∂(Lˆ,X)
{w} − ∂(Lˆ,X){z} . (3.2)
From (3.1) and (3.2) it follows that
Γ(Lˆ,X)
{w}
{z} = X
Q(z)ΓAQB(z
∣∣{w}, {z})LBA(z)(−1)p(B)
where
ΓABC(z
∣∣{w}, {z}) = ∂2wK(z)
∂zB∂zC
∂zA(w)
∂wK
. (3.3)
(In (3.3) the components of Lˆ and X are in the coordinates {zA}.)
From definition (3.2) of the Γ(L,X)
{w}
{z} it follows that for three different coordinate systems
{wA}, {zA} and {uA}
Γ(Lˆ,X)
{w}
{z} + Γ(Lˆ,X)
{z}
{u} + Γ(Lˆ,X)
{u}
{w} = 0 . (3.4)
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Let F be a class of some coordinate systems such that for a given pair (Lˆ,X)
∀{z}, {w} ∈ F Γ(Lˆ,X)
{w}
{z} = 0 . (3.5)
Then to the class F one can relate the first-order differential operator D:
D(Lˆ,X) = ∂(Lˆ,X){z} + ⋄[6 Γ(Lˆ,X)
{w}
{z} (3.6)
where {z} are arbitrary coordinates on E and {w} are arbitrary coordinates from the class
F . From (3.2, 3.5) it follows that the r.h.s. of (3.6) does not depend on the choice of these
coordinates.
Before going to the considerations for an odd symplectic superspace we consider an
example where we come to the standard definition of the divergence in superspace using
(3.1—3.6).
Example 1. Let E be a superspace with a volume form dv which in coordinates
{wA0 } = {x
1, . . . , xn, θ1, . . . , θm} on E is equal to
dv = dx1 . . . dxndθ1 . . . dθm. (3.7)
We define F as a class of coordinate systems in which the volume form dv is given by
(3.7):
F = { {w}: Ber
(
∂w
∂w0
)
= 1 } . (3.8)
(BerA is the superdeterminant of A.) It is easy to see that in this case for arbitrary
coordinates {zA} if Lˆ = id is identity operator and X is an arbitrary vector field then
Γ(Lˆ,X)
{w}
{z} = X
Q(z)
∂2wK(z)
∂zQ∂zA
∂zA(w)
∂wK
(−1)p(A) =
XQ(z)
∂
∂zQ
log
(
Ber
(
∂w
∂z
))
= XQ(z)
∂ log ρ(z)
∂z
(3.9)
where {wA} are arbitrary coordinates from the class (3.8) and ρ(z)dz1 . . . dzm+n is the
volume form (3.7) in the coordinates {zA}. The condition (3.5) is fulfilled and we come to
the standard definition of the divergence in a superspace endowed with volume form. For
the pair (Lˆ,X) where Lˆ = id and for class (3.8) the operator D(Lˆ,X) is the divergence of
the vector field X corresponding to the volume form dv:
D(Lˆ,X) = ∂(Lˆ,X){z} + Γ(Lˆ,X)
{w}
{z} =
∂XA(z)
∂zA
(−1)p(X)p(A)+p(A) +XA
∂ log ρ(z)
∂zA
= divdvX.
(3.10)
Now we return to the considerations of Section 2.
For the superspace En.n endowed with the odd symplectic structure we consider a
field (Πˆ(z),Ψ(z)), where (Πˆ(z),Ψ(z)) is an odd normal pair in a vicinity of some point.
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(See the end of the previous Section). We denote by FD the class of Darboux coordinates
(2.9, 2.10) on En.n and apply constructions (3.1—3.6) in this case.
Lemma. If (Πˆ,Ψ) is an odd normal pair in En.n then
∀{w} , {w˜} ∈ FD, Γ(Πˆ,Ψ)
{w˜}
{w} = 0 . (3.11)
Using the statement of the Lemma we consider the action of the operator Dcan correspond-
ing to the class FD of Darboux coordinates by (3.6), on the odd normal pair (Πˆ(z),Ψ(z)):
Dcan(Πˆ,Ψ) =
(
∂ΨA(z)
∂zB
+ΨQ(z)
∂2wK(z)
∂zQ∂zB
∂zA(w)
∂wK
(−1)p(B)
)
ΠBA(z) (3.12)
where {w} are arbitrary Darboux coordinates. From (3.6) and the Lemma follows
Theorem. For the odd normal pair (Πˆ(z),Ψ(z)), Dcan(Πˆ,Ψ) is an invariant geomet-
rical object.
In particular if {w} are arbitrary Darboux coordinates then
Dcan(Πˆ,Ψ) =
∂ΨA(w)
∂wB
ΠBA(w) (3.13)
does not depend on the choice of the Darboux coordinates {w}.
Before proving the Lemma we will consider
Example 2. Let E1.1 be a (1.1)-dimensional superspace endowed with odd symplectic
structure (2.1). Let w = (x, θ) be some Darboux coordinates on it:
{x, θ} = 1, {x, x} = 0 . (3.14)
It is easy to see that in this case the odd vector field obeying to (2.11, 2.12) is of the form
Ψ = Ψ(x, θ)
∂
∂θ
(3.15)
where Ψ(x, θ) is non-nilpotent even function. The projector operator (2.14) is evidently
identity operator. So a normal pair is of the form (id,Ψ(x, θ)∂θ) and
Dcan(id,Ψ) =
∂Ψ(x, θ)
∂θ
. (3.16)
It is easy to see that if x′, θ′ are some other Darboux coordinates then they are related
with coordinates x, θ by canonical transformation
x′ = f(x)
θ′ =
θ
df(x)/dx
+ β(x)
(3.17)
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where f(x) and β(x) are even and odd functions on E1.1 respectively. (To obtain (3.17)
from (3.14) one has to note that in E1.1 {x′, x′} = 0 → x′θ = 0.) It is easy to see from
(3.17) that
Ψ = Ψ(x, θ)
∂
∂θ
=
Ψ(x, θ)
df(x)/dx
∂
∂θ′
(3.18)
and (3.16) does not change under transformation (3.17), so in this case the statements of
the Lemma and of the Theorem hold.
Indeed, for this case one can say more about (3.16). Let (y, η) be an arbitrary coor-
dinates on the E1.1 and a volume form dv on E1.1 is defined by the equation
dv =
dydη
{y, η}
. (3.19)
Then one can check using (3.10) that Dcan(id,Ψ) in (3.16) is the divergence of the vector
field Ψ by the volume form (3.19) and does not depend on the choice of coordinates (y, η).
Now we prove the Lemma. Let
zA = wBLAB + w
BwCTABC + o(w
2) (3.20)
be arbitrary canonical transformations from Darboux coordinates {z} to Darboux coordi-
nates {w} in a vicinity of the point z = 0. For proving the Lemma we have to show that
for transformation (3.20)
Γ(Πˆ,Ψ)
{w}
{z}
∣∣∣
z=0
= ΨQ(z)
∂2wK(z)
∂zQzB
∂zA(w)
∂wK
ΠBA(−1)
B
∣∣∣
z=0
= 0. (3.21)
(We can consider (3.20) without loss of generality, since in Darboux coordinates the trans-
lation is obviously the canonical transformation.) We include the Darboux transformation
(3.20) in the chain of Darboux transformations:
{z}
linear
−→{z˜} −→ {w}
linear
−→{w˜} (3.22)
which obey to the following conditions:
a) The transformation
{z} → {z˜} (3.23)
is the linear canonical transformation such that in the Darboux coordinates z˜ = (x˜i, θ˜k)
Πˆ
∂
∂x˜1
=
∂
∂x˜1
, ⋄[6 Πˆ
∂
∂θ˜1
=
∂
∂θ˜1
. (3.24)
b) The transformation
{w} −→ {w˜} (3.25)
is the linear canonical transformation such that
w˜A = z˜A + o(z˜) . (3.26)
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From (3.2, 3.4) it follows that
Γ(Πˆ,Ψ)
{w}
{z} = Γ(Πˆ,Ψ)
{w}
{w˜} + Γ(Πˆ,Ψ)
{w˜}
{z˜} + Γ(Πˆ,Ψ)
{z˜}
{z} . (3.27)
But Γ(Πˆ,Ψ)
{w}
{w˜} and Γ(Πˆ,Ψ)
{z˜}
{z} in (3.27) are zero because the corresponding transforma-
tions are linear. The transformation {w˜} −→ {z˜} is not linear but from (3.24, 3.26, 2.11,
2.12) it follows that Ψ{z˜}
∣∣
z=0
= Ψ∂θ˜1 and
Γ(Πˆ,Ψ)
{w˜}
{z˜}
∣∣∣
z=0
= Ψ
∂2x′1
∂θ˜1∂x˜1
= 0 (3.28)
because {x′1, x′1} = 0. ({w˜} = (x′1, · · ·)). (Compare with Example 2). So (3.21) is obeyed.
Lemma is proved.
Considering a pair (Lˆ(z),X(z)) we constructed in this section the divergence-like op-
erator (3.12, 3.13) in an odd symplectic superspace in the case when Lˆ is a projector on
a (1.1)-dimensional symplectic subspace and X is an odd vector in it which is symplec-
toorthogonal to itself. In the case of even symplectic structure this construction can be
carried out in a more general case and it is trivial because in this case there exists a volume
form corresponding to the symplectic structure. Indeed if in a superspace E2m.n endowed
with even symplectic structure there is given a pair (Lˆ(z),X(z)) where Lˆ(z) is a symplec-
toorthogonal projector on (2p.q)-dimensional symplectic subspaces in TzE
2m.n and X(z) is
an arbitrary vector field then to the class F of the Darboux coordinates on this superspace
there corresponds D(Lˆ,X) defined by (3.6) which is a straightforward generalization of
(1.4).
Section 4. Truncated divergence.
We consider in this section the odd vector field which is defined on the points of
(n− 1.n− 1)-dimensional nondegenerate supersurface embedded in the (n.n)-dimensional
odd symplectic superspace with a volume form. In case of this vector field being symplec-
toorthogonal to this supersurface and to itself using the geometrical object Dcan(Πˆ,Ψ)
for an odd normal pair we define the first order differential operator on it (truncated
divergence) whose action on this field gives the function on this supersurface.
Let Mn−1.n−1 be an arbitrary nondegenerate (n− 1.n− 1)-dimensional supersurface
embedded in a superspace En.n which is endowed with odd symplectic structure (2.1 ) and
the volume form dv
dv = ρ(z)dz1 . . . dz2n . (4.1)
(The supersurface M is nondegenerate if the symplectic structure of En.n induces non-
degenerate symplectic structure on M .) Let zA = zA(ζα) be a local parametrization of
the supersurface M . (For us it will be convenient to denote by the letter ”α” the coordi-
nates on M).) In the coordinates the induced two-form Ωαβdζ
αdζβ on M is given by the
following equation (See Section 2):
Ωαβ(z(ζ)) = Ω
(
∂αz
A ∂
∂zA
, ∂βz
B ∂
∂zB
)
= ∂αz
AΩAB∂βz
B(−1)s(B,β) . (4.2)
11
Hereafter we use notations ∂αz
A = ∂z
A
∂ζα
, ∂αf =
∂f
∂ζα
, . . . for derivatives along surface and
(−1)s(B,β) = (−1)p(B))p(β)+p(β) (4.2a)
for sign factor.
The induced Poisson bracket structure on M { , }M according to (2.5, 2.6) is defined
by the matrix Ωαβ which is inverse to the matrix Ωαβ . Using this induced symplectic
structure one can construct the symplectoorthogonal projector on TM
Tz(ζ)E
n.nPˆ (z(ζ))−→ Tz(ζ)M
n−1.n−1 which can be expressed in terms of ΩAB and Ω
αβ
Pˆ : PBA (z(ζ)) = ΩAK(z(ζ)) · {z
K(ζ), zB(ζ)}M = ΩAK(z(ζ))∂αz
K(−1)s(K,α)Ωαβ∂βz
B .
(4.3)
The operator
Πˆ = id− Pˆ (4.4)
in every point z(ζ) is a symplectoorthogonal projector on the (1.1)-dimensional subspace
Π(z(ζ)) in Tz(ζ)E which is symplectoorthogonal and transversal to Tz(ζ)M (See 2.14, 2.15).
It is easy to see that there exists the odd vector field Ψ(z(ζ)) belonging to Π(z(ζ)) which
is defined on the points of the supersurface M , is symplectoorthogonal to M and which is
symplectoorthogonal to itself and non-degenerate (2.11, 2.12):
PˆΨ = 0, Ω(Ψ,Ψ) = 0. (In the components ΨAPBA = 0, ∂αz
APBA = ∂αz
B) . (4.5)
(This vector field is fixed uniquely up to the multiplication by an even non-nilpotent
function of ζ. Ψ → f(z(ζ))Ψ.)
The field Ψ and the projector Πˆ form the odd normal pair (Πˆ,Ψ) in the points z(ζ)
of the supersurface M .
For example if the supersurface Mn−1.n−1 is defined by equations
f(z) = 0, ϕ(z) = 0 (4.6)
then for arbitrary point z0 on this supersurface, the vectors Dϕ and Df (see 2.7) are the
basis vectors of the subspace Π(z0) and the vector
Ψ =
(
Df −
{f, f}
2{f, ϕ}
Dϕ
) ∣∣∣
z0
(4.7)
is subject to the conditions (4.5).
Now for this odd vector field which is defined only on the supersurface M we will
construct the ”truncated divergence”. For this purpose we consider an odd normal pair
(
˜ˆ
Π, Ψ˜) in En.n in the vicinity of the arbitrary point z(ζ) which is a prolongation of the
odd normal pair (Πˆ,Ψ):
Ψ˜
∣∣
z=z(ζ)
= Ψ(z(ζ)),
˜ˆ
Π
∣∣
z=z(ζ)
= Πˆ(z(ζ)) (4.8)
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and define the truncated divergence in the following way:
DivtruncΨ(z(ζ)) =
(
divdvΨ˜−Dcan(
˜ˆ
Π, Ψ˜)
) ∣∣∣
z=z(ζ)
. (4.9)
In (4.9) Dcan(
˜ˆ
Π, Ψ˜) is given by (3.12, 3.13) for the odd normal pair (
˜ˆ
Π, Ψ˜) and divdvΨ is
divergence (3.10) of the vector field corresponding to the volume form dv defined by (4.1).
One can see that the r.h.s. of equation (4.9) indeed does not depend on the prolon-
gation (
˜ˆ
Π, Ψ˜) of the odd normal pair (Πˆ,Ψ).
Using equations (4.3 – 4.5) for the projectors Pˆ and Πˆ, formulae (3.9, 3.10) for the
divergence, formula (3.12) for Dcan(
˜ˆ
Π, Ψ˜) and the fact that
∂βz
B ∂Ψ˜(z)
A
∂zB
∣∣∣
z=z(ζ)
= ∂βΨ
A(z(ζ)) (4.10)
depends only on Ψ(z(ζ)), we rewrite DivtruncΨ(z(ζ) in arbitrary coordinates {z
A} in the
following way
DivtruncΨ(z(ζ)) =(
∂βΨ
A + ∂βz
BΨQ
∂2wK(z)
∂zQ∂zB
∂zA(w)
∂wK
(−1)p(B)
)
ΩAK∂αz
KΩαβ(−1)s(K,α)
+ΨA
∂
∂zA
(
log ρ(z)− log
(
Ber
∂w
∂z
))∣∣∣
z=z(ζ)
(4.11)
where {wA} are any Darboux coordinates.
In arbitrary Darboux coordinates {wA} using formula (3.13) for Dcan(
˜ˆ
Π, Ψ˜) we arrive
at the following expression for DivtruncΨ(w(ζ)):
DivtruncΨ(w(ζ)) = ∂βΨ
AIAK∂αw
KΩαβ(w(ζ))(−1)s(K,α)+ΨA
∂ log ρ(w)
∂wA
∣∣∣
w=w(ζ)
. (4.12)
Indeed DivtruncΨ depends only on the values of Ψ and it does not depend on the
derivatives ∂αΨ
A because Ψ is symplectoorthogonal to Mn−1.n−1
(ΨAΩAK∂αz
K(−1)s(K,α) = 0). One can rewrite for example (4.12) in the following way:
DivtruncΨ(w(ζ)) =
ΨA
(
−IAK∂β∂αw
KΩαβ(w(ζ))(−1)s(K,α+β)+p(β) +
∂ log ρ(w)
∂wA
∣∣∣
w=w(ζ)
)
.
(4.12a)
(For the definition of s(K,α+ β) see (4.2a).)
In the case if there exist Darboux coordinates {w} in which the volume form dv is
trivial,
dv = dz1 . . . dz2n (ρ = 1) (4.13)
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then
DivtruncΨ(w(ζ)) = −Ψ
AIAK∂β∂αw
K(−1)s(K,α+β)+p(β)Ωαβ(w(ζ)) . (4.14)
Equation (4.14) defines DivtruncΨ(w(ζ)) in arbitrary Darboux coordinates (if they
exist) which are subject to condition (4.13).
Section 5. The odd invariant semidensity.
Now we are well prepared for writing the formula for odd invariant semidensity using
constructions (4.9—4.12) for truncated divergence. The constructions of this section are
founded on the following remark. LetMn−1.n−1 be an arbitrary nondegenerate (n−1.n−1)-
dimensional supersurface embedded in the odd symplectic superspace En.n and a fieldΨ on
this supersurface obeys to conditions (4.5). Then the r.h.s. of (4.11, 4.12) by its definition
is invariant under coordinate transformations of the superspace En.n and does not depend
on the parametrization zA = zA(ζα) of the supersurfaceMn−1.n−1. So the equations (4.11,
4.12) define a density of the weight σ = 0 which is defined on (n − 1.n − 1)-dimensional
supersurfaces. Moreover, one can see from (4.12a) that if Ψ is a density of an arbitrary
weight σ which is defined on supersurfaces Mn−1.n−1 and takes values in the odd vector
fields obeying to (4.5) then the truncated divergence of this density is the density of the
weight σ which is defined on (n − 1.n − 1)-dimensional nondegenerate supersurfaces and
takes numerical values.
Let, as in Section 4, Mn−1.n−1 be an arbitrary nondegenerate supersurface in an odd
symplectic superspace En.n which is endowed with symplectic structure (2.1) and volume
form (4.1). Now we will construct the semidensity on the M which takes values in the odd
vectors Ψ obeying to conditions (4.5). Let the vectors (e1, ..., en−1; f1, ..., fn−1) constitute
a basis of the tangent space Tz(ζ) in arbitrary point z(ζ) of the supersurface M
n−1.n−1 (
ei are even vectors and fi are odd ones). Let Ψ(z(ζ)) and H(z(ζ)) be respectively an odd
and an even vector fields which belong to Π(z(ζ)) (see (4.5)) such that (Π(z(ζ)),Ψ(z(ζ))
form an odd normal pair
Ω(Ψ,Ψ) = 0 and Ω(H,Ψ) = 1 . (5.1)
These conditions fix the vector fields H and Ψ up to the transformation
H→
1
λ
H+ βΨ, Ψ→ λΨ (5.2)
where λ is an arbitrary even function (taking values in non-nilpotent numbers) and β is
an arbitrary odd function (compare with 3.17). Using (5.2) one can choose the vector field
Ψ (but not the vector field H) in the unique way by imposing the normalization condition
via volume form (4.1):
dv(e1, ..., en−1,H; f1, ..., fn−1,Ψ) = 1 (5.3)
We arrive at the function
Ψ = Ψ(z(ζ), e1, ..., en−1; f1, ..., fn−1) . (5.4)
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which depends on points z(ζ) of the supersurface Mn−1.n−1 and the bases (e1, ..., en−1;
f1, ..., fn−1) in the Tz(ζ)M
n−1.n−1 and which takes values in the odd vector fields obeying to
condition (4.5). This function is defined uniquely by condition (5.1) and by normalization
condition (5.3). It is easy to see that under the change of the basis the function (5.4) is
multiplied by the square root of the corresponding Berezinian ∗. For example if e1 → λe1
and f1 → µf1 then Ψ →
√
λ
µ
Ψ.
If zA = zA(ζα) is any parametrization of the supersurface Mn−1.n−1 where {ζα}
= (ξ1, . . . , ξn−1; ν1, . . . , νn−1) are even and odd parameters of this supersurface then con-
sidering as the basis vectors
e1 =
∂zA
∂ξ1
∂
∂zA
, . . . , en−1 =
∂zA
∂ξn−1
∂
∂zA
; f1 =
∂zA
∂ν1
∂
∂zA
, . . . , fn−1 =
∂zA
∂νn−1
∂
∂zA
we see that (5.4) defines odd vectors valued semidensity Ψ(z(ζ), ∂z
∂ζ
) of the rank k = 1 on
nondegenerate (n − 1.n − 1)-dimensional supersurfaces. The truncated divergence of this
semidensity is the odd semidensity of the rank k = 2. Using the formula (4.12a) we arrive
at this odd invariant semidensity:
A
(
w(ζ),
∂w
∂ζ
,
∂2wA
∂ζ∂ζ
)
= DivtruncΨ
(
w(ζ),
∂w
∂ζ
)
=
ΨA
(
w(ζ),
∂w
∂ζ
)(
−IAK∂β∂αw
KΩαβ(w(ζ))(−1)s(K,α+β)+p(β) +
∂ log ρ(w)
∂wA
∣∣∣
w=w(ζ)
)
(5.5)
where {wA} are arbitrary Darboux coordinates in the En.n and w(ζ) is parametrization
of supersurface Mn−1.n−1. In a case if there exist Darboux coordinates {wA} in which the
volume form is trivial (ρ = 1) the formula (5.5) according to (4.14) is reduced to
A
(
w(ζ),
∂w
∂ζ
,
∂2w
∂ζ∂ζ
)
= −ΨA
(
w(ζ),
∂w
∂ζ
)
IAK∂β∂αw
KΩαβ(w(ζ))(−1)s(K,α+β)+p(β) .
(5.6)
The semidensity (5.5) is nothing but the semidensity obtained in [8]. (See (1.1).) To
compare (5.5) with (1.1) we consider in the vicinity of arbitrary point z0 the Darboux
coordinates in which the supersurface is flat up to the second order derivatives: {wA} =
(x1, . . . , xn, θ1, . . . , θn) and parameters {ζα} = (ξ1, . . . , ξn−1, ν1, . . . , νn−1) such that pa-
rametrization wA = wA(ζα) is of the form:
xn = o(ζ2),
θn = o(ζ2),
xi = ξi + o(ζ2) if 1 ≤ i ≤ n− 1,
θi = νi + o(ζ2) if 1 ≤ i ≤ n− 1 .
(5.7)
∗ It is interesting to note that these considerations for obtaining the formula for invariant
vector–valued semidensity are similar to the considerations for obtaining the formula for
the invariant density on the lagrangian surfaces in En.n suggested by A.S. Schwarz [5].
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(In (5.7) z0 = 0.) It is evident that the vector valued semidensity (5.4) in the point z0 in
parametrization (5.7) is equal to ∂θn and w
A
αβ |z0 = 0, so semidensity (5.5) in the point z0
is equal to
∂ log ρ
∂θn
∣∣∣
z=z0
. (5.8)
Returning to (1.1) we see that to (5.7) there correspond the functions f = xn + o(z2) and
ϕ = θn + o(z2), so the dual density A˜ in (1.1) in this point is equal to
∆f
∣∣∣
z=z0
= divdvDf
∣∣∣
z=z0
=
∂ log ρ
∂θn
∣∣∣
z=z0
and coincides (up to a constant) with (5.8).
Section 6. Discussions.
The constructions of truncated divergence and of odd semidensity have analogues in
the standard differential geometry.
The constructions of Section 4 have evident analogues for the hypersurfaces in a
Riemannian space. For example to (4.14) there corresponds the following construction.
Let C be an (n − 1)-dimensional surface (hypersurface) embedded in an n-dimensional
Euclidean space En and R be a vector field defined on the surface C which is orthogonal
to C. Then one can consider in analogy with (4.14) the function
RiGik∂β∂αx
kgαβ (6.1)
which does not depend on the parametrization xi = xi(ξα) of the surface C and on the
choice of the Euclidean coordinates {xi} in En. In (6.1) Gik = δik is the metric tensor in
En, gαβ = ∂αx
iGik∂βx
k
β is the metrics induced on the surface C, g
αβ = (g)−1αβ is inverse
metric tensor.
More interesting is to compare the odd semidensity constructed in Section 5 with the
mean curvature of the hypersurfaces in Euclidean space.
In analogy with considerations of Section 5 one can consider for the hypersurface C
in En invariant density Ri(x(ξ), ∂x
∂ξ
) of the rank k = 1 which takes values in the vectors
orthogonal to this surface. By these conditions it is fixed uniquely (up to multiplication
by the constant):
Ri(x(ξ),
∂x
∂ξ
) = ni(x(ξ))
√
det(gαβ) (6.2)
where ni(x(ξ)) is the unit vector field orthogonal to this surface and
√
det(gαβ) is the
density of the volume form induced on the surface. Applying (6.1) to vector-valued density
(6.2) we come in analogy with (5.6) to the following density of the second rank
H(x(ξ),
∂x
∂ξ
,
∂2x
∂ξ∂ξ
) = ni(x(ξ))∂α∂βx
igαβ
√
det(gαβ) . (6.3)
It is easy to see that ni(x(ξ))∂α∂βx
i are components of the second quadratic form for the
hypersurface C and the density (6.3) corresponds to the mean curvature [14].
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Here we want to note that in spite of the fact that odd semidensity (5.5) can not be
integrated over surfaces (A2 = 0) one can consider the equation
A ≡ 0 . (6.4)
which extracts locally the class of (n− 1.n− 1) supersurfaces (in an odd symplectic super-
space endowed with a volume form) on which (6.4) is satisfied.
For example, from (5.6—5.8) it follows that to this class there belong supersurfaces
which can be locally defined by equations xn = θn = 0 if there exist Darboux coordinates
(x1, . . . , xn, θ1 . . . , θn) in which the volume form is trivial.
The analogous condition for mean curvature (6.3)
H ≡ 0 (6.5)
is the solution of the variational problem for minimal surfaces. Mean curvature (6.3) of
the hypersurface C in En is identically equal to zero iff the surface C locally is extremal
for the ”surface ” functional which is equal to the integral over the surface of the volume
element (density)
√
detgαβ corresponding to the metrics gαβ induced on the surface [14].
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